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Abstract 

We define a CR structure on a distinguished hyperplane in C n+1 and 
the CR sub-Laplacian on this CR manifold. We also define symmetries 
of the CR sub-Laplacian in general and for this special case construct all 
of them using the ambient construction. Then we investigate the algebra 
structure of the symmetry algebra of the sub-Laplacian. For this purpose 
we derive the decomposition of SqsI(V) under the action of SL(V). 

1 Introduction 

Invariant differential operators have a long story of importance and this is par- 
ticularly the case for operators of Laplace type. The conformally invariant 
Laplacian is the basic example in conformal geometry. A family of higher or- 
der generalizations of the conformal Laplacian with principal part a power of 
the Lalacian was constructed in [5]. In CR geometry, the CR invariant sub- 
Laplacian of Jerison-Lee ([5]) plays a role analogous to that of the conformal 
Laplacian. In [4] generalizations of the Jerison-Lee sub-Laplacian are defined, 
which are the CR analogues of the 'conformally invariant powers of the Lapla- 
cian'. 

This work was inspired by the article [2] by M. Eastwood, and the diploma 
thesis [5] by Vi't Tucek. The aim was to characterize the vector space of all 
symmetries of the CR sub-Laplacian. In the paper [2] author identifies the 
symmetry algebra of the Laplacian on the Euclidean space as an explicit quotient 
of the universal enveloping algebra of the Lie algebra of conformal motions and 
constructs analogues of these symmetries on a general conformal manifold. 

The space of smooth first order linear differential operators on R" that pre- 
serve harmonic functions is closed under Lie bracket. For n > 3, it is finite- 
dimensional (of dimension (n 2 + 2>n + 4)/2). Its commutator algebra is isomor- 
phic to so(n + 1, 1), the Lie algebra of conformal motions of R™. Second order 
symmetries of the Laplacian on R 3 were classified by Boyer, Kalnis, and Miller 
in pp. Commuting pairs of second order symmetries, as observed by Winternitz 
and Fris in correspond to separation of variables for the Laplacian. This 
leads to classical coordinate systems and special functions, see pp and pp. 

General symmetries of the Laplacian on R n give rise to an algebra, filtered 
by degree. For n > 3, the filtering subspaces are finite-dimensional and closely 
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related to the space of conformal Killing tensors. The main result of [2] is 
an explicit algebraic description of this symmetry algebra. The motivation for 
|2] has come from physics, especially the theory of higher spin fields and their 
symmetries. 

In section 2 we will dehne a CR structure on a distinguished hyperplane in 
C' i+1 (it is in fact the big cell in the homogeneous model of CR geometry viewed 
as a parabolic geometry together with the very fiat Weyl structure on it, see 
[TU]) and the CR sub-Laplacian on this CR manifold. We also define symmetries 
of the CR sub-Laplacian in general. In section 3 we give a classification of 
symmetries via properties of their symbol. In section 4 we introduce the ambient 
construction and use it to construct symmetries of the sub-Laplacian, which 
enables us to prove existence of symmetries and to give a characterization of 
vector space of symmetries as an SL(n + 2, C)-module. In section 6 we establish 
the algebra structure of the symmetry algebra using the commutant of the action 
of SL(n + 2, C) on SqSI(ti + 2, C) computed in section 5. 

2 Basic definitions 

A Levi-nondegenerate CR structure of hypersurface type on a (2ri+l)-dimensional 
manifold M is a subbundle HM C TM of real codimension 1 endowed with 
an integrable complex structure, s.t. the Levi bracket C : HM x HM — > 
TM/HM =: QM given by C(X,Y) = p[[X,Y]), where p is the canonical pro- 
jection, is nondegenerate. The nondegeneracy of the Levi bracket is equivalent 
to the fact that HM induces a contact structure on M. The Levi bracket may 
be thought of as minus twice the imaginary part of some Hcrmitian inner prod- 
uct, and signature of this inner product is called the signature of M. None of 
what follows will depend on the signature. Since we will only consider the case 
of Levi-nondegenerate CR structures of hypersurface type, we will for brevity 
call them CR structures. 

On each CR manifold M we have an n-dimensional complex vector bundle 
HM^'W c TM C and its conjugate HM^ c TM <g> C. Define A^o) c 
T'lgC by A^ 1 ' ' = (HM 1 - ^) 1 -. The canonical bundle K. := A n+1 (A( 1 ' )) 
is a complex line bundle on M. We will assume that JC admits an (n + 2)nd 
root and we fix a bundle denoted by £ (1,0), which is a — l/(n + 2)th power 
of /C. The bundle £(w 1 ,w 2 ) := (£(1,0)) W1 <8> (£(1,0)) W2 of (w t , iy 2 )-densities is 
defined for w 1 ,w 2 eC satisfying w\ — w 2 6 Z. If £(1, 0) \ {0} is viewed as C x - 
principal bundle, then E(u>i,ui2) is the bundle induced by the representation 
A i y \- Wl \~ W2 . The bundle QM ® C can be identified with £(1, 1). 

Let's consider C rl+1 (z 1 , . . . , z n , z°°) with Hermitian metric of the form 



where g^b is of signature (p, q) with p + q = n and consider a submanifold 
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M C C" +1 given by 

n 

J2 z a z a + z oo + z oo = 

a=l 

On the manifold M we shall define a CR structure. In coordinates the subman- 
ifold M looks like 

n a 

Af = {(z\...,z«,-]T^ + l a)eC"+ 1 } 
0=1 1 

where we put z°° = p + iu. In terms of coordinates on C I1+1 , the coordi- 
nate vector fields on M look like d z * — ^fd z °° — ^fd z ^>, their conjugates, and 
da = i(d z oo - 9 2 oc). The contact subbundle HM {1 ^> C (TC n+1 )^'^ has basis 
{d a = d z a — z a d z °3 ,a — 1, . . . , n}, since it has to be formed by complex linear 
combinations of coordinate vector fields holomorphic as vector fields on C™ +1 . 
The only nontrivial commutator is 

[da,d b ] = igmda 

We will work mostly with vector fields d a ,d , the coordinate vector fields will 
be without use. 

Our manifold M is in fact a big cell (see |10j ) in the corresponding Hermitian 
quadric (depending on the signature) in complex projective space, which is a 
homogeneous model (the quadric) of hypersurface-type nondegenerate CR struc- 
ture of corresponding signature. Such a structure is a special case of parabolic 
structure, so we can use the theory of parabolic geometries. In particular, we 
can use the notion of Weyl structure ( [TU] , [S] ) , concretely the very flat Weyl 
structure on the big cell of the homogeneous model of such geometry. From 
now on we will work with this concrete Weyl structure. So we can identify all 
densities with functions and the Weyl derivative on these bundles with ordinary 
derivatives, i.e. V a = d a and so on. The advantage of this Weyl structure is that 
in the formulae for all operators we will work with the curvature terms vanish. 

Definition 2.1. The CR sub-Laplacian A : £(w\,W2) —> £(w\ — 1, 102 — 1) on 

M for n + wi + W2 = is given by 

A(/) := g a \d a d- b + d- b d a ){f) + l^^da(f) 

where we implicitly use the Einstein summation convention. 

Definition 2.2. a) A symmetry of A is a linear differential operator V, s.t. 
there exists a differential operator 5 satisfying 8 A = AD. 

b) A symmetry of A is called trivial, if it is of the form PA for some linear 
differential operator A. Two symmetries T>\ and T>2 are called equivalent, 
if their difference is a trivial symmetry. 

Since the trivial symmetries are not very interesting, we will only consider 
the vector space of symmetries modulo the equivalence relation that symmetries 
differ by a trivial symmetry. 
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3 Properties of the symbol 



The algebra A of symmetries is naturally filtered by order d of operators. For 
our purposes let us introduce a finer filtration. 

Definition 3.1. We say that the term 8 ai . . . d ak &i 1 . . . d^d^ . . . d a (with So- 
being m-times) as being of degree (d,s), if k + I + m — d and s — min(fc, I). 
We put (d, s) < (d', s') if d < d' or d = d' and s > s'. Here 2s < d. 
Then we define 

(d',s')<(d,s) 

Before stating the theorem, we shall emphasize that the symmetries, since 
acting on compfex-valucd functions (densities) , form naturally a complex vector 
space. Therefore all representations we will work with will be complex (may be 
viewed as representations of SL(n + 2, C)) and by a BGG operator we will mean 
its complex-linear extension to the complcxification of corresponding bundle. 

Theorem 3.1. Every symmetry is equivalent to some of the form 

P= J2 V ai - a " ll - l "'-''d ai ...d ah d Bl ... 81,8a... d a + LDTS 

k+i<d 

s=min(fe,i) 

with each V ai --- akbl --- b " J --- cr having exactly d indices and 

(1) is maximally symmetric and trace-free 

(2) y°i— °« 6 i— 6 « er — CT i s a solution of the first BGG operator corresponding to 

d - 2s s s d - 2s 

o ■ ■ ■ -o o and 

- - i k - - 

yai...a,k+sbi---b e cr...cr _ Q( a ~t gakyak+i---o-k+s)bi---b e cr...a 

k\ 

( — j\ k - - 
ya 1 ...a s b 1 ...b k + s a...<r _ V L > g(bi Qb k yb k+1 ...b k+3 )a 1 ...a s iy ...a 

k\ 

Proof. (1) Every symmetry of order d can be written as 

P= J- v^- a ^- rha --d ai ...d ah d- hi ...d- hi d a ...d a + LOTS 

k+l<d 

where each p ra i - a fc fc i - f >i CT - cr j s totally symmetric (because the commutator 
of two derivatives gives a term of lower order) and has exactly d indices. 
To prove that it may be considered trace-free, let's assume without loss of 
generality that it has a trace in akbi, hence it has a summand of the form 

g akb lW a 1 ...a k -ib 1 ...bi- 1 a...a ^ We w&nt tQ show that usmg the equ i va l ence 

relation we can leave out this term. We commute the derivatives d ak di i 
to the end (it does not effect the symbol) to get 

g a h h w «i...*u-ibi...h-i°...° dai . . . d ak _ t d- bl . . . d-^dc . . . d a d ak d- bl + lots 
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Replacing d ak d^ t by \ (d ak d bl + dg ; d ak ) (the commutator is of lower order) , 
we get the leading term of W ai - a «- lll - ll - ia - a d ai . ■■d ak _ 1 d hl . .-d^^ ...d a 
composed with the sub-Laplacian. Subtracting this composition, we get 
an operator of lower order. So the trace part of V ai '" ak r " ia '"' T can be 
left out using the equivalence, hence we may consider it being trace-free. 

(2) If we commute P with the sub-Laplacian, the leading term of the commu- 
tator consists of terms of two types. Every y a i- • a fc fc i - f >i CT - CT gives rise to 
a term 

d {aya 1 ...a k )b 1 ...b l a...a dad ^ g^ g_^ g^ + 
+ g{b v b 1 ...b l )a 1 ...a k a...a d ^ g^ g_g_^ ^ % ^ 

coming from commuting V ai '" ak x " irT '" cr with derivatives of the sub- 
Laplacian. Commuting the derivatives of the sub-Laplacian with the 
derivatives of P, we get 

i(k - l) V ^-a k b 1 ...b l a...a dai g^ g_^ g^ 

So together the leading term of the commutator is 

J- (0(ai V -a 2 ...a fc )5i...5, + ^ y 6 2 ...fc ; W ---afc ^ . . . d ak d~ bl ...<%,+ 
k+l=d+l 

+ {ikV ai - aka - a + d {ai V a2 - ak)a - a )d ai ...d ak d a ...d a + 

Kk<d 



+ {-ilV bl - lka - a + d {ll V l2 - ll)a - a )d- bl ...d h d a ...d a + 

l<l<d 

+ J2 *(fc-0^ ai - afc6l - B,CT - ff 9 ai ...a afc a 6l ...^a (T ...a CT + 

d>i,i>i 

k + l<d 

+ (d (ai V a2 - ak)h - hia -< 7 + d^V l2 - ll)ai - aka - a )d ai . . . d ak d- bl . . . d bl d a ...d a 



fs>l,(>l 

k+l<d 



where the second and third row are special cases of the last two rows for 
/ = and k = 0, respectively. This should be the leading term of some 
operator of the form SA. This is only possible, if 

g(a 1 ya 2 ...a k )b 1 ...bi ^ g(b 1 yb 2 ...bi)a 1 ...a k _ g(aib~i ya 2 ...a k b 1 ...b l ) ^ 

for some tensor A and k, I > 1, k + I = d + 1, 

g(aiya 2 ...a d+1 ) _ g g(biyb 2 ...b d+1 ) _ q ^) 

H t ya 1 ...a k e...e _|_ ^(ai ya 2 ...a fc )er...er _ q ^ 
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for 1 < k < d, 

—iiyi>i—bk<r—a _|_ Q(b 1 yb 2 ...bi)a...a _ g ^ 

for 1 < I < d, 

i(k — Uyai—akbl—bic—o _|_ g(a 1 ya 2 ...a k )b 1 ...bia...a _|_ Q(bi yb 2 ■ ■ -bi )ai . . .a k a . . .a _ 

(5) 

— g( a i|( b i y\,a 2 ...a k )\b\...bi)a ...a 

for 1 < k, 1 < I, k + 1 < d and some tensor A. 

We will proceed by induction. From equations ([3]) , (HJ and ([2]) we see that 

what is exactly that y a --- a lies in the kernel of first BGG operator corre- 

d o o d 
sponding to o o— • • ■ — o o. We also see that the terms V ai — ° 

and yoi—Oho-... ct on iy depend on y T " CT . To compute the dependence ex- 
plicitly, we use k times the equation (J3]) and Q, respectively. We get 



jk 

ya 1 ...a k a...a _ _Q{ax Qa k )ya...a 

k\ 

yb 1 ...b k a...a _ \ 7 Qb k )ya...a 

k\ 

Putting V"- a = (this implies yai-akh-hv-v = q f or mm (fe,Z) = 0), 
from equations §5§ we see that 

the trace-free part of d {ai . . . Q^-iya^ha..^ = Q ^ 

the trace-free part of d {hl . . . d ld - 1 V ld)ai ' y - a = 

what is exactly that y a i b i°'---< 7 \[ es i n the kernel of the first BGG operator 

d-2 1 1 d — 2 

corresponding to ° o— ■ • • — o o . We also see that the terms 

ya 1 .-a k b 1 ...b l a...a w ith min(fc, Z) = 1 only depend on V r ° l6lff - ff . To compute 
the dependence explicitly, we use k times equation (0. We get 

jk 

ya 1 ...a k + 1 b 1 o-...(7 _ q{o,i ga k ya k + 1 )b 1 a...<j 

k\ 

i—i\ k - - - 

ya 1 b 1 ...b k+1 a...a _ V V g(bi ^h fc prh fc+1 )aicr...er 

fc! 

Continuing this way, we see for each s such that < 2s < d, that putting 

y<r...a — ... — ya 1 .--a s - 1 b 1 .--b 3 -icr... t j _ wg ^ ya 1 ...a k b 1 ...bia...a _ q for 

min(fc, i) < s. From equations ([5]) we see that 

the trace-free part of d {ai . . . god+i-2.^o < , +2 - a ....a < , +1 _,)5 1 ...5,<7...<r = Q 

(8) 

the trace-free part of <9 (Bl . . . dW-2*y5 i+2 _ 2 ,...5, j+1 _»a 1 ...a s <T... CT = Q 
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what is exactly the first BGG operator corresponding to o a- ■ • • — o — 

We also see that the terms V" 0l '" Ofc6l - 5l<7 - ff with min(fc,Z) = s only de- 
pend on y ai — asbi---b,a...a _ rp com p U t e the dependence explicitly, we use 
k times equation (J5)). We get 

- - i k - - 

ya 1 ...a k + B b 1 ...b s a...a _ Q(gi Qa k ya k + 1 ...a k + B )b 1 ...b s a...a 

k\ 

- - (—i) k - - 

ya 1 ...a B b 1 ...b k + s a...a _ \ ) g(bi Qb k yb k + 1 ...b k+s )ai...a s cr...cr 

k\ 

□ 

Remark 3.1. From the proof it is easy to see why we have introduced the finer 
filtration. It comes from the structure of PDE's for the symbol. 

a b b a. 

Remark 3.2. The representation o ••■ o of SU(p+l,g+l) is simply 

a b oo 

the Cartan product of ° o— • ■ • — o o with its dual/conjugate. The rep- 

o b 

resentation o o— • • ■ -o o is an irreducible subrepresentation of (3 a C n+ 

with symmetries given by Young tableau 



with b columns with two boxes and a columns with one box (the total number 
of boxes is d). 

4 Ambient construction 

4.1 Ambient space 

Definition 4.1. Let M be as above. The ambient space for M is C n+2 
(z , z , . . . , z n , z°°) with non-degenerate Hermitean metric g^ B of the form 





We will denote 

x A 



The term ambient will be used when referring to the objects defined on some 
open subset of C n+2 . The ambient Laplace operator will be distinguished by 
tilde A/ = g AS d A d B . 

Definition 4.2. Let 

r = g AS x A x S (9) 
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be the quadratic form associated to the ambient metric g AB - The null cone N 
is the zero set of r. 

Af = {x eC n+2 \r(x) =0} 
Now consider the mapping <f> : M — > C rl+2 given by 

(z a ,icr) i ^ 

Z" Zg 

2 

The mapping is actually a restriction to M of the embedding i : C™ +1 — > C Il+2 
given by (z 1 , . . . ,z n , z°°) H> (1, z 1 , . . . , z", z°°). It is easily seen that <fr(M) lies 
on the null cone and that this characterizes M in C™ +1 . 

Definition 4.3. Let z°eC, p,ueM and z a G C". 



X A = I z°z a Y A = b X A = z°6Z 

z°{p-^ + i<y)j \-z°z b/ 



Y A = d- b X A = Z A = --d b Y A = ( a 

n \ 

Similarly for X A , Y A , Y- A , Z A , X A , Y b Al Y\, Z a , X A , Y\, Yj, Z a , and other 
variations, respectively. 

Lemma 4.1. 

\z°\ 2 S A = (X A - pZ A )Z B + Z A (X B - P Z B ) + Y C A Y% (10) 
The mapping 

/ z° \ 
$(z°,z a ,z°°) = z°z a = \y a 

\z (z°°-^)/ Vy°° 

where z°° = p + itr, defines a change of coordinates, which, however, is smooth, 
but not holomorphic. We see that 4>{z a ,ia) = $(1, z a , ic) and the identity fj 10|) 
simplifies on the image of <fi to 

5 A = X A Z B + Z A X B + Y A Y< 

Similarly for 8^: 

5 A = X A Z B + Z A X B +Y A Y§ 
Lemma 4.2. The operator E = x c dc in the new coordinates is equal to 

E = z°d z o (11) 
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Proof. For f{y A ,y A ) G C°°(C"+ 2 ) wc have 

,0f) f ^ ( d.f a d.f : a z a df 

o, df y a Of y°° 8f 
y yg y o + y o g y a -+- y o Qyoo) 

= (y A d A f)o$ 



Here are some identities we will need later: 



z B d B = d z * y b o b = d f 



□ 



Y q A 8 A Y f B = -g qf Z B Y B d B Y A = -g qf Z A (12) 

z B d B = d z - Y A d A = d q 



4.2 Ambient construction of the sub-Laplacian 

From now on (since in the second part we will use the representation theory 
of SL(n + 2, C)) we will use the ambient metric to identify V with V* , so we 
will replace all ambient upper (lower) barred indices by ambient lower (upper) 
indices. This will mean that E = X A d A , E = X A d A , A = d A d A = d A d A , and 
r = X A X A = X A X A , respectively. 

Definition 4.4. Suppose that F is a smooth complex-valued function defined 
on a neighbourhood of the origin in M. Then for any pair (wi, W2) G C 2 , s.t. 
wi — w 2 G Z 

f($(z°,z a ,ia)) = (z Q ) Wl (z°) W2 F(z a ,ia) (13) 

defines a smooth function on a conical neighbourhood of (1,0,0) in the null-cone 
N '. Conversely, F may be recovered from / by setting z° = 1. Hence, for fixed 
(wi, W2), the functions F and / are equivalent. 

Remark 4.1. If we view Af\ {x = (z°, . .., z°°) G TV : z° = 0} as a principal C x - 
bundle over M, then we can represent the sections of £(w\,W2) as equivariant 
functions on the null-cone. But these are exactly the {w\, w 2 )-homogeneous 
functions as defined above. Having in mind that we are working with the very 
flat Weyl structure on M, we can identify densities of arbitrary weights with 
functions when working on M. 

We want to use the ambient construction to represent differential operators 
on M by much simpler ambient differential operators. In order to be able to 
apply ambient differential operators to /, we need to extend it from the null- 
cone to the whole space or at least to some open (in C" +2 ) neighbourhood 
of (1,0,0). There are infinitely many choices for such an extension even if 
we restrict ourselves to the homogeneous ones. Nevertheless, any two such 
extensions will differ by a very convenient factor. 
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Lemma 4.3. Let f and f be two smooth (wi^w^) -homogeneous extensions of 
F on some open neighbourhood of (1,0,0). Then there exists a smooth (w\ — 
1, u>2 — 1) -homogeneous function hsuch that (/ — f)(y A ) = r(y A )h(y A ), where r 
is defined by (0|). 

Proof. If we perform coordinate transformation 

(y°, y a , y°°) » (y°, y a , r + ip) = (y°, y a , 2y°y* + y a y a ) 

we will be dealing with 2 functions equal on the real hyperplane r = 0. For any 
smooth complex- valued function k on C" +2 holds 

f 1 d 

k(y°,y a ,r + ip) = k(y°,y a ,ip) + J -k(y° ,y a ,tr + ip)dt = 

= k(y°,y a : ip) + r / . (y° , y a , tr + ip) + — — (y° ,y a ,tr + ip)dt 

J d(r + ip) d(r - ip) 

So if we take k as the difference of two (u>i, W2)-homogeneous extensions of F, 
we will have k(y° ,y a ,ip) — and thus it follows that / — / = rh. This h has 
homogeneity (w\ — l,it>2 — 1), because r has homogeneity (1,1). □ 

Remark 4.2. The classical chain rule formula gives 

d a F = d a (f o d>) = (d a <p B d B f + d a cj> B d B f) o cb = 
(Y a B d B f) o = (d a f) o 4> 
d a F = d a (f o 0) = (d a q> B d B f + d a <p B d B f ) o <f> = 

(Y Ba d B f) o = (a a /) o <t> 

d a F = d a {f o 4>) = {d^ A d A f + d a <t> A d A f) o = 
(i5 z oc,/ - z<9 z */) o = (9 CT /) o 

Lemma 4.4. For homogeneous function h on C™ +2 of bidegree (wi — 1, u> 2 — 1) 
A(r/i) = rAft, + (n + Wi + w 2 )h 

Proof. 

A(rh) = d A d A {rh) = d A (x A h + rd A h) = 

= (n + 2)h + x A d A h + 8%x B d B h + rAh = 
= (n + 2)h + (toi - l)h + {w 2 - l)h + rAh = 
= rAh + (n + wi + U)2)h 

□ 

It immediately follows that for n + w\ + ui2 = 0, then A/|jv depends only 
on the restriction of / to the null-cone and hence it depends only on F. This 
defines a differential operator on M. 
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Theorem 4.1. Let F be a smooth complex-valued function on some open neigh- 
bourhood of € M and let f be the smooth homogeneous function of bidegree 
{wi,W2) that corresponds to F via H3\) and is defined on some open neighbour- 
hood of (1,0,0) £ C n+2 . Then the following equality holds 

(A/) o = AF 

where A is the CR sub-Laplacian. 

Proof. Using the equation (ITU)) we obtain 

(d A d A f) o ^ = 

= [(X A Z B + Z A X B )d A d B f + Y A Y q )d A d B f] o 
Now the first term gives 

(X A Z B + Z A X B )d A d B = 

-z A {d A x B )d B + z A d A x B d B - z B (d B x A )d A + z B d B x A d A = 
z A d A x B d B + z B d B x A d A = 

Z A d A E + Z B d B E 

applied to / and evaluated on the image of <f>. Let us recall that Z A d A = d z ^> 
and Z B d B = d z &>. The second term is 

(g q % A Y B ,d A d B f) o 4> = 

= {gt f \Y A d A Y Bf d B - Y A {d A Y Bf )d B ]f) o </> = 
= (g qf Y A d A Y Bf d B f + \z B d B f) o = 

= (.9 9f W + ^/)o0 

Another way to compute the second term is 

(g qf Y Bf Y A d B d A f) o = 
= {g^[Y Bf d B Y A d A - Y Bf (d B Y A )d A ]f) o = 
= (g qf Y Bf d B Y A d A f + \z A d A f) o - 

= (g qf d,d q f + ^d z ~f) o0 
We will take as the second term one half of their sum 

1 77 \ 

^g qf {d f d q + d q d f ) + ~{d z * + »„»)]/ J o </> 
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Altogether we get 

(A/) 0(f) = {Wld z aof + W 2 8 z oaf) O (j)+ 

a —(d,d q + d q d f ) + -(^ + d^)]f) o </, = 



which completes the proof. We have only used the fact that z°° = p + ia. □ 

4.3 Ambient construction of symmetries - existence 

In previous subsection we have used simpler ambient operator to induce the 
sub-Laplacian on M. We want to use the same procedure for symmetries of the 
sub-Laplacian. 

Before constructing the symmetries, we first replace 

V a 1 ...a k b 1 ...b l a...a dai l% g_ ^ 

by 

. ...a, a nfci nbiQ n 

v b 1 ...b i u a\ ■ ■ ■ u ak u ■■•<J U a ...U a 

For these functions we rewrite the equations ([T]), ©, ©, Q and §5§ as 

for some tensor A and k, I > 1, k + Z = d + 1, 

9 (Ql ^ 2 - 8i+l) -0 9 (bi n 2 ... 6d+l) =0 (15) 

,/,-r" + gfoiy^-"*)'-" = o (16) 

for 1 < fc < d, 

-^:;X+% 1 C.;X ) =0 (17) 

for 1 < Z < d, 

= < 1 AS;;r )CT - CT (is) 

for 1 < k, 1 < Z, k + I < d and some tensor A. The corresponding first BGG 
equations are 

the trace-free part of d {ai . . . d a. i+ x- 2 ,y**+*-*. *)<>■ _ ( 19 ) 
the trace-free part of d (bl . . . 9& d+1 _ 2 » V^^X^-* = 
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Lemma 4.5. The first order operators x A d B ~x B d A commute with A and with 
r. 

Proof. 

d c d c (x A d B ~ x B d A ) = 
= d c (x A d B d c - 8%d A - x B d A d c ) = 
= 6^d B d c + x A d B d c d c - d B d A - x B d A d c d c = 
= (x A d B - x B d A )d c d c 

Similarly, using that r = x a xa, 

{x A d B - x B d A )x c x c = 

A A C n A C <~i/4 

x x B + x x X(ju B — x B x — x B x xco 

□ 

Now wc know that any complex linear combination of such operators, i.e. 
any operator of the form V B (x A d B —x B d A ) commutes with A and r, and hence 
induces a symmetry of the sub-Laplacian on M. The vector space of first order 
operators we have found so far, is clearly isomorphic to gI(n+2, C) (the matrices 
V B are scalar). The operator corresponding to the central element is 

i(x B d B - x B d B ) 

which induces on M scalar multiplication by i(w\ —w?) on functions with weight 
(11)1,11)2). Since scalar multiplication is not very interesting operator, we will 
restrict ourselves to operators corresponding to sl(n + 2, C). 

Composing such first order operators, we get higher order operators with 
the same properties. Concretely, we may write them like this: 

Vt:Z d ( xAld ^ - ^9 Al ) • • • (x A «d Bd - x Bd d A -) (20) 

The expression (f2T)|) will be simplified and from the simplification we get sym- 
metries of the tensor V^l '" Bd . 

First, we compute the commutator of two first order operators: 

V^W B2 2 (x A ^d Bl - x Bl d A ^)(x A -d B2 - x B2 d A *)- 

-w^v^(x A -d B2 -x B2 d A -){x A ^d Bl -x Bl d A ^) = 

= K 1W M(* AlS k d B2 +x A -x A -d Bl d B2 -x A ^x B2 d Bl d A >)- 
-V^Wf 2 2 {x Bl x M d M d B2 -x Bl 5 Al 2 d M -x Bl x B2 d M d M )- 
-W%lV^{x A -8ild Bl + x A *x A ^d B2 d Bl ~ x A -x Bl d B2 d A ^)+ 
+WflV^{x B2 x A ^d A -d Bl - x B2 5 A \d A i - x B2 x Bl d A *d A i) = 
= vgwS 2 x A ^d B2 + V^Wgx Bl d A * - W%V^x A *d Bl - W**Vgx B2 d A i = 

= (V£Wg - V*W%){x A d B - x B d A ) (21) 
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So we see that taking commutator does not enlarge the vector space of sym- 
metries. Therefore we can restrict ourselves to such tensors V^'"^, which are 
symmetric in columns BiAi. We will want the induced operator to be of order 
d. 

Let /, J be ordered subsets of {1, . . . , d} such that / U J = {1, . . . , d} and 
J fl J = 0. Composing d first order symmetries, we get 

vt::t {[(x A ^B t x Bi d A >) = (22) 

= (- 1 ) lV A 1 1 ::.A d dXAl1 XA% " X Bn ■ ■ ■ X B n d Bil • • • d Btk d A ^ . . . d A n + LOTS 

|ji=fc,|jj=i 

k + l = d 

where V^'"a* is symmetric in columns BiAi. Since we want the induced op- 
erator to be of order d (as we shall see, these operators will suffice), we may 
consider the tensor V^ "^ be totally trace-free (it is already trace- free within 
any column). Looking at the induced operator, we get 

E : i/i .v 1 ....v 1 .v /; ....v /; d B ...d Bik d A ...d A = 

\i\=k,\j\=i 

k + l = d 

= E * '^"•v 1 ....v .v /; ....v /; 4 <> n ^ . 

|/| = *,|J|=! 
k + l = d 

■<),\ if if = 

°J1 '-31 

E (-i) l v£;;tx^x^x Bji ...x Bn . 

\i\ = k,\j\ = i 
k+i=d 

■{X D ^ Z Bti + Z D ^ X Bii + Y^ Y^ )d Dii . . . (X D ^ Z B%k + Z D ^ X Bik + Y^ Yg* )d Dik ■ 
■{X A ^Z Ch + Z A ^X Cn + Y^Y b A ^)d C " . . . (X A nZ Cn + Z A nX Cji +Y^Y b A ^)d C n 

Knowing that Y a D d D = d a , Y*d c = d\ X D d D = E, X c d c = E and Z D d D - 
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Zcd c — —id a , we see we have to put 

y ai ...a d ._ J2 ^V^;;f d d X Al . . . X Ad Yzl {1) . ..Yg' d id) o (j) (23) 
creed 

v b ,... bd ■■= E jK-.t dx ^ ■ ■ ■ ■ ■ ■ KU ° * 

ree d 

-yai...a k tj...a ,_ 

= H) d ~ fc E E ^ v M::tx Al ■ . ■ x a *y°^ . . . x B ...x B o4> 

\I\=ka£6 k 

*b\ ...bi<T...a • 

= (-i)'H) d -'E E ^:::A:x Bl ...x Bd Y^ ) ...Y^x A ...x A o 4> 

\j\=iree, 

V°~ a := {-i) d Vll;:.A d d X Al ■ ■ ■ X Ad X Bl ...X Bd o4> 

= (-i)'(-O--*- 1 E E l7r v " xA ■ xA •*„....*„ • 

|j|=fc,|j|=i <ree fc 

Jn.7 = 

•Y^ (1) . . . Y^ (k} Y h Ajl . . . Y h Ajl X A ... X A X B ...X B o<f> 

B tl B ik b T(1) b T{l) a y 

where / and J are ordered subsets of {1 , . . . , d} and all indices not specified are 
simply the remaining indices. We will always assume this in the sequel. These 
functions satisfy the conditions ([T4j), ([15]), CEU), $T7§ and (|4~3)l . 

Proposition 4.1. For every given d and s, < 2s < d and any (weighted) 
tensor T^ "'^ B satisfying the first BGG equation U9\) there are canonically de- 
fined differential operators Pt and St of degree (d, s) with the leading part 
(in the sense of degree) of the symbol being y®i--- a a' T — a — Ti 1 '"?' such that 
AP T = S T A. 

Proof. We know from above that every symmetry of order d can be written 
as a sum of symmetries with Vg^'"-" ^ and V b a ^ f k h<T - a = for all 
k < s and < 2s < d. So it suffices to construct for each < 2s < d and 
each function y^—**"---" satisfying the first BGG equation corresponding to 

d — 2s s s d — 2s R R • 

o o— • • • — o o a tensor V A )" Ad d inducing a symmetry with given (up to 

possible nonzero constant multiple) y^ -^^ a - a a nd suc h that for all k < s 
V ft ai " b afc<T ' " CT = 0. Since contracting with X-s and Y-s is equivariant map and 
for each s the set of possible l,," ff - CT -s (with V^f^-" = for all k < s) 
forms a complex irreducible representation of SU(p + l,q+ 1) (and hence of 
SL(n + 1, C)), it suffices to construct the tensor V A *"' A d for one such function 
for each s. 

For s — we put y a --- a = 1 and the only nontrivial component of V A l '" A d 
will be Vq^q' 00 = 1. This does not depend on d (only the constant factor does). 
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For s > 0, we have the mapping 



|7| = »,|J| = » rt6 s 
7nJ=0 t£6, 

■X B . ...X B . X A ...X A Y^ (1) ...Y^ is) Y h An ...Y, Aj ° X B ...X B o < j ) = 
We fix some constant tensor field V^^"^, asCT '" <7 and we put 

Traioo...a s oooo...oo T/ a i ■■■o, s a...a 

v 0b 1 ...0b s 0...0 V b t ...b s 

This will be for now the only nonzero component up to symmetry in BiAi-s. 
This tensor surely satisfies the corresponding first BGG equation. It is easy 
to see that the symmetry induced by using this tensor has nonzero V^ i 1 "j } asCr '" a 
(it is in fact, up to nonzero constant, our chosen one). But the symbol parts 
VJ ) " 1 "j"* <7 '"' 7 for all k < s are also nonzero. In order to make them vanish, we 
define some other components to be possibly nonzero. These components will 

...a 

■ b s 



not influence the symbol part y^--^o cr - 



Let's fix some s > 0. We define 



t rai oo...a B oooo. . .00 t rai ...a s <7...<7 

V 0b 1 ...0b s 0...0 : ~ V b!...b s 

-y^aioo...a s _ioca s oo...oo t rai ...a s cr...cr 

V 0b 1 ...0b s - 1 b s 0...0 : ~ x l V b 1 ...b s 

t raiCX2...a s _20oa s _ia s oo...oo Trai...a s (j...(T 

V 0b 1 ...0b s - 2 b s -ib s Q...Q X 2 V b 1 ...b s 



v b 1 ...b s o...a ■— X s v b t ...b 3 

These will be the only nonzero components of V^'"^ up to symmetry in B{Ai- 
s. We will call them 'types'-in each row is one particular representative of one 
type. For brevity, we will write y y£*--£* CF —' T = \\ To make the symbol parts 
Vbi "f)fc fcCT '"" f° r all fc < s vanish, they have to satisfy the following system of 
linear equations: 



Here the terms ( 2s l 2 j) Cl-T) ( d ~ 2s i +21 ) express the number of components of 
one type (it is always nonzero) and the numbers a s k+1 i express the contribution 

of one component of corresponding type to the symbol part V ai '" ak r " k(T "'' 7 
modulo the greatest common divisor, which is some polynomial. It is easy to 
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see that 



«MT)(:X;)C)( S ;> 

This expression is always finite. So we have a system of linear equations in Xi-s, 
and we only need to prove the existence of some solution. We don't need the 
explicit expression. To prove the existence, we prove that the matrix of this 
system has nonzero determinant. First, the determinant is linear in columns, 
so it is a polynomial in d times the determinant of matrix with entries a| +1 i . 
We will prove that this last determinant is nonzero by induction on s. 

We claim that a s k ^_\ i — o^ 2 i+i = a k+i v where we put ag A = 0. This means 
that 



E 

j>0 



s + 1 - A f A /s + l- j 



= E 

But 



s — i\ [ i\ [ s — j\ v— v / s — i \/i + l\/s + l — j 



.k — j J \j J \ k J r^i\k + l—jj\ j J\ k + l 



s + l-A / A /s + l-j 

Hl-iJWv + 1 
s — A / s — i \\/A/ s + i— j 



k — j J \k + 1 — j/ / \j/ \ fc + 1 
s — « \/i\/s + l- A /s — A/A/s — j 



k + l — j J \jj \ k + l J \k — j J \jj \ k 
s — A / A ( s — j N 



- jj \jj \k + l 



Summing over j we get 



^ /s + l-A /A /s + l-j 



^ Vfc + 1-.77 WV + ! 

§G-i)G)( + §G+i-i)G)( fc+i' ? ' + 
+ §G-j)G-i)( fe+i 

s — i \ [ i \ [ s — j\ I s — i \ (i + l\ I s + 1— j 



\k — j ) \j ) \ k I Vfc + 1 — j J \ j J V k + l 
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what is exactly what we claimed. Now we note that a\ i — 1 for all s and i. 
Using this, we get 



1 



'2,1 



1 



l 2,2 



,s,2 



1 



*2,s-l 



1 



l 2,s 



(-1) S 







-1 
-1.1 







*2,3 



*l,s-l 







So this determinant is nonzero for any s, if and only if it is nonzero for s = 1. 
But in this case the determinant is 1, since it is the determinant of matrix with 
one entry, concretely a\ 1 = 1. 

We have constructed (not explicitly) the ambient operator inducing Pp. The 
same ambient operator will induce 8t, since it commutes with A and r. The 
only difference is in the weight of functions they are acting on, and hence in 
some coefficients depending on weight (action of E and E). □ 

Theorem 4.2. The vector space of symmetries of A modulo the equivalence 
relation is as a module for SL(n + 2,C) isomorphic to 



e 

0<2s<d 



d - 2s 
o 



d - 2s 
o 



Proof. Since A is SU(p+l, q+l)-invariant operator acting on complex densities, 
its symmetries form a complex representation of SU(p + l,q + 1), and hence 
a representation of SL(n + 2,C). Proposition 14. II shows the existence of many 
symmetries of A on M. Together with Theorem 13.11 it also allows us to put 
any symmetry into a canonical form. Concretely, if P is a symmetry operator 
of degree (d,s), then we nay apply Theorem 13.11 to normalize its symbol part 
ya 1 ...a 3 a...a ^ Q jj g j n kernel of corresponding BGG operator. Now consider 
P — Py, where Py is from Proposition ^. II By construction, this is a symmetry 
of A of degree less than (d, s). Continuing this way we obtain a canonical form, 
namely 



Pv 



Pi 



where V(d',s') lies m the kernel of the corresponding BGG operator (Vq is a 



constant). Since the construction in the proof of Proposition 14.11 is equivari- 
ant, Proposition 14. II together with Theorem 13.11 imply that the vector space of 
symmetries of A is as a module for SL(n + 2, C) canonically isomorphic to 



A 



e 

0<2s<d 



d - 2s 
o 



d - 2s 
O 



□ 
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5 Decomposition of SqsI(V) 
5.1 End S L(v)S*sl(V) 

We start with introducing some notation. Consider some complex vector space 
V (of dimension n). Let ex, . . . , e n be some basis of V and let e 1 , . . . ,e n be 
the dual basis of V*. There is a standard action of GL(V) on V, V* and their 
tensor powers. 

On fc-th tensor power of V, we have a standard action of &k- Let I = 
. . . , ik) with 1 < ii, . . . ,ik < n be a multiindex. Then the action of s 6 &k 
on ® h V is given by 

s ■ ei = e s .i := e s -i (il ) (g> • • ■ <g) e s -i (ifc ) 

This means that if s(i) = j, then s takes the vector on i-th position and puts it 
on the j-th position. These operators are always linearly independent. 

We try to do an analogy to Schur duality for SqSI(u + 2, C). We start with 
computing End Gi( y) S k gl(V). 

We know that gl(V) = V <8 V* as GL( V)-module. So we can identify 
End(® fc fl [(K0 with (0 2fe V)®{® 2k V*). Here we use the identification (® 2fc V)® 
({g) 2fe V*) End(((g) fe V) ® ((g) fc V*)) given by 

T = u 1 <g> ■ • • O it 2fc <g) ui <g) ■ • • <g> v 2 k 
T : w 1 ® • • • <g> ® xi ® • • ■ <8) x fe i-> 

fc fc 

II m21 (^) II w4 ( w 2 l )u 1 ® w 3 ® • • • ® u 2fc_1 <g> wi (8) w 3 (8) • • • <g> u 2 fc_i (25) 

i=l i=l 

All GL(T/)-invariant elements in ((^) 2fe V") ® {&) 2k V*) are spanned by those of 
the form C s for some s € ©2fc (see [3]), where 

C s := ^2 s 1 ® e s .i 

\I\=2k 

Now we look at those operators, which preserve S k Ql(V). For this purpose let's 
consider two subgroups of ©2fc, denoted by &\ and &\. The group &\ is the 
subgroup preserving all even numbers and S 2 , is the subgroup preserving all 
odd numbers, respectively. To a £ &\ we associate a permutation & 6 ©fc given 
by <r(i) = j if and only if a(2i — 1) = 2j — 1. Similarly, to er £ © 2 we associate 
a permutation <r £ 6fc given by a(i) — j if and only if a(2i) = 2j. 

Lemma 5.1. For a G © 2 we have 

CAd a s ■ e 17 ' 1 ® e a .j = C s ■ e 1 <g> e.j 

so the operators C s and CAd a s induce the same operator on S k Ql(V). Con- 
versely, for given a £ © 2 , Ca<i„s is the unique operator on ® k Ql(V) mapping 
e"' 1 ® e&.j to CsE 1 ® e,j for any {I, J). 



19 



Proof. First we observe that 

C A d aS =J2 £l ® e —- 1 -i = E e a - J ®e as .j (26) 

Then we have 

C Adr7S ■e a ' 1 ®e a .j = 

k k 

= e n^- i(2m) (e^_ lM )n^- i( " i, K- 1 .- 1(2m ))- 

L|=2fem=l m=l 

•e (l ®e i3 ® • • • ® e i2fc - 



1(1) ^ l S -!(3) ^ ^ ' s -l(2fc-l) 

fc fc 

= e n £ ' 2m ( e ^) n £<m ( e ^)- 

\L\=2km=l m=l 

■e h ® e' 3 ® • • • ® e' 2 "- 1 ® ej> _ 1(1) ® e is _ 1(3) ® • • • ® ej^^, = 
= C s • e 1 ® ej 

Since is generated by elements of the form X)o-ee fc £<T 1 ® e °"^> we see ' 

that C s and CAd a s really induce the same operator on S k Ql(V). 

For the converse, we shall realize that {e 1 ® e.j}i, j is a basis of ® k Qi{V) and 
every operator is given by its values on the basis. □ 

Lemma 5.2. Let a € 6jL T/ien if 

C s ■ e 1 ® ej = A p £P e Q 
p,Q 

we have 

C A d a8 ■ e 1 ® ej = ^e ap ® e». Q 
p,Q 

Conversely, CacI^s is the only operator with the above property. 
Proof. Put pi := hi-i and qi := i s -i(2i-i)- Then we have 

k k 
C AdaS -e I ®ej= II ft e im («*._ 1(2m) )- 

\L'\=2km=l m=l 

■s 1 ' 1 ® e 1 ' 3 ® • • • ® e' 2 *- 1 ® e { < ® e { / ® • • • ® = 

crs-icr-lfl) o-S- 1 0-- 1 (3) cr s ~ 1 cr ~ 1 (2 fc - 1 ) 

= e n^fejn^(v M )' 

L'—a-Lm—l m—1 

■e 1 '- 1 ^ ® e'-- 1 ^) ® • • • ® e'-" 1 ^-!) ® e z _ t _ ® e z _ t _ ® • • • ® e t _ t 

s <j (1) 3 <j (3) S ± u ± {2k — 1) 

= e n^fejn^(e«_ 1M r 8 e, Q 

\L\=2km=l m=l 
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By we have 

k k 

\L\=2km=l m=l 

The proof of the converse is the same as for the previous lemma. □ 

Theorem 5.1. The algebra EndGL(v) S k Ql(V) is generated by operators of the 
form 

Proof. This is a direct consequence of Lemma 15.11 and Lemma 15.21 Since all C s 
are linearly independent, it suffices for given s to symmetrize the result of Cg-e 1 ® 
ej. From Lemma 15.21 we know one way how to do it. The linear independence of 
operators C s tells us that we can't replace CAd a s by any expression of the form 
Yjs'^Ad aS a s'Cs'- So Scree* CAd a s is not only the only operator symmetrizing 
the result of C s (up to constant multiple), but also the only possible expression 
of this operator (provided that all operators in the expression are distinct). 
Lemma 15. II tells us that we can anywhere in this expression replace s by Ad a s, 
s 6 when acting on symmetric tensors. □ 

It remains to investigate the behaviour of the operators C s with respect to 
traces. Looking at the action of C s on general tensors, we have 

c. . £ vw « ^ = £ vj £ n 4r n t-*w • 

I, J I, J |L|=2fcm=l m=l 

■e h ® e h «) • • • e^" 1 ® e h _ 1(i) ® e; s _ 1(3) (8> • • • <g> e^^^^ 

Assume there is a pair (m,n) such that s(2m) = 2n. This poses a condition on 
possible pairs (/, J) , namely i„ = j m ■ Since we are summing over all possible 
pairs (I, J), we see that in the resulting expression we are summing not Vj-s, 
but their traces over i n = j m . This means that for trace- free tensors the result 
is always zero. 

Assume now there is no such pair. In this case for every m there exists n such 
that s(2m — 1) = 2n. So we can associate to s two permutations o~i,o~2 G &k 
given by cr*(m) = n if and only if s(2m — 1) = 2n and cr|(m) = n if and only 
if s(2m) = 2n — 1, respectively. In addition, the index L is fully determined by 
(I, J). This property is invariant under Ad(&\ x &\). Putting all this together, 
we get 

i,j i, j 

so it is nonzero on SqqI(V). 

Since ^^[(V^) = SqSI(V), and the adjoint action of centre of GL(V) on 
g[(V^) is trivial by definition, we have proved the following 
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Theorem 5.2. The algebra End,sL(v) SqSI(V) is (as vector space) generated by 
operators of the form 



E 



i 



(k\y 



(28) 



where s £ & 2 k is such that it interchanges even and odd numbers. 



Example 5.1. For k = 1 there is only one permutation exchanging odd and 
even numbers, namely transposition (12). The induced operator is simply the 
identity. 

Example 5.2. For k = 2 there are two classes of permutations exchanging odd 
and even numbers. First class consists of 

si - (12)(34) 5 2 = (14)(32) 

with the induced operator being the identity, and the second one consists of 

s 3 = (1234) s 4 = (1432) 

with the induced operator being 



l(2C S3 +2C S4 )-e I ®ej = ^ 



respectively. 



(29) 



Example 5.3. For k = 3 there are three classes of permutations interchanging 
odd and even numbers. First class contains 



si 

S2 



(12)(34)(56) 
(12)(36)(54) 



s 3 = (14) (32) (56) s 5 
s 4 - (14)(36)(52) s 6 



(16)(32)(54) 
(16)(34)(52) 



with the induced operator being the identity. The second class contains 



S7 


= (12)(3456) 


sg = 


= (14)(3256) 


Sll = 


= (16)(3254) 


ss ■ 


= (12)(3654) 


SlO 


= (14)(3652) 


Sl2 


= (16)(3452) 


Sl3 


= (32)(1456) 


Sl5 


= (34)(1256) 


Sl7 


= (36)(1254) 


S14 


= (32)(1654) 


Sl6 


= (34)(1652) 


S18 


= (36)(1452) 


Sl9 


= (52)(1436) 


S21 


= (54)(1236) 


S23 


= (56) (1234) 


S20 


= (52)(1634) 


S22 


= (54) (1632) 


S24 


= (56) (1432) 
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with the induced operator being 

{2C S7 + 2C SS + 2C S9 + 2C SW + 2C S11 + 2C Sl2 + 

+2C S13 + 2C Sli + 2C S15 + 2C Sie + 2C S17 + 2C Sls + 
+2C S19 + 2C S20 + 2C S21 + 2C S22 + 2C S23 + 2C S24 ) ■ e 1 ® e. ; = 

= (e il ® e 12 ® e t3 ® e h ® e h ® e h + e' 1 ® e i3 ® e' 2 ® ® e i2 ® e.,- 3 + 

+e 42 ® e 11 ® e 13 ® e i2 ® e i3 ® + £* 2 ® £* 3 ® e h ® e j2 ® ® e j3 + (30) 
+e 13 ® e 11 ® £ 12 ® e i3 ® e i2 ® + £* 3 ® £* 2 ® e h ® e j3 ® ® e h + 
+e 12 ® £ 11 ® £ 13 ® e i3 ® ® e h + e i3 ® e* 1 ® e* 2 ® e j2 ® e jl ® e i3 + 
+£ Jl ® £ 12 ® £ 13 ® e j3 ® e i2 ® + £ ia ® £* 2 ® e h ® ® e j2 ® e j6 + 
+£ Jl ® £ 13 ® e 12 ® e h ® e i3 ® + £ 22 ® £* 3 ® e n ® ® e-, 3 ® e i2 + 
+£ 42 ® e 13 ® e 11 ® e i3 ® e i2 ® e jl + e %3 ® e 22 ® £ Jl ® e j2 ® e h ® 
+£ Jl ® £ 13 ® £ 12 ® e i3 ® e jl ® e i2 + £ i3 ® e* 1 ® e* 2 ® e jl ® e j3 ® e j2 + 
+£ Jl ® £ 12 ® £ 13 ® e j2 ® ® e-,, + £* 2 ® e h ® £* 3 ® ® e i2 ® e i3 ) 

The third class contains 



S25 


= (123456) 


S27 = 


(143256) 


S29 


= (163254) 


S26 


= (123654) 


S28 = 


(143652) 


S30 


= (163452) 


S31 


= (125436) 


S33 = 


(145236) 


S35 


= (165234) 


S32 


= (125634) 


S34 = 


(145632) 


S36 


= (165432) 



with the induced operator being 

— (3C S25 + 3C S26 + 3C S27 + 3C S28 + 3C S29 + 3C S30 + 
36 

+3C S31 + 3C S32 + 3C S33 + 3C S34 + 3C S35 + 3C S36 ) • £ ® ej = 

= (e h ® £ 12 ® e 13 ® e j3 ® e n ® e ]2 + e h ® e i3 ® e* 2 ® e h ® e jl ® e j3 + 

+e 12 ® e 11 ® e 13 ® e j3 ® e i2 ® + £* 2 ® e h ® e h ® ® e i2 ® e,- 3 + (31) 
+e %3 ® e 11 ® £ 12 ® e i2 ® e i3 ® e jl + e %3 ® £ 12 ® £ <x ® ® e h ® e j2 + 
+£ Jl ® £ 13 ® £ 12 ® e j3 ® e j2 ® ej^ + £ ix ® £ i2 ® £ ia ® e h ® e i3 ® 6^ + ' 
+£ 42 ® £ 13 ® e 11 ® e i3 ® ® e i2 + £* 2 ® e h ® £* 3 ® ® e-, 3 ® e j2 + 
+£* 3 ® £ i2 ® e h ® e i2 ® ej^ ® e j3 + e h ® e* 1 ® £* 2 ® ® e h ® e j3 ) 

5.2 Multiplicative structure of End 5L (y) S , oSt(V A ) 

We start with determining the algebra structure of EndsL(v) SqSI(V). We know 
that to every s G <3 2 fc interchanging odd and even numbers we can associate 
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two permutations erf, erf £ Looking at the expression (|2T|) we see that the 
permutation a 8 — crfcrj represents something like 'relative position' of indices I 
and J in the resulting expression. This means that the resulting expression is 
of the form 

e ll i ® e ll i ® • • • <g> e l l <g> e jlB <g> e i;s <g> • • • <g> e jis (32) 

(ir»)-l(l) C<r*) -1 (2) (S s )-l(fc) 

where we can view I as I € &k'- '•= U- 

Conjugating s by a £ &\, we have Ca<i„s ■ e 1 ® ej — C s ■ e a 1 ® e^-i.j. 
Comparing upper indices we get l Ad ° s = I s o cr. Since er s only depends on s 
and not on the tensors acted on, we have that a Ad " 8 = cr 8 . Conjugating s by 
cr £ &l, we get 

C A d aS ■ e 1 ® ej = e'*- 1 ! 1 ) g> ■ ■ ■ <g> e'^W ® e jis ® • ■ • O e J;s 

(s-s)-ia- (5 s )- 1 <r- 1 (fc) 

(33) 

Comparing upper indices, we see that l Ad " s = / s oct _1 . Comparing lower indices, 
we get a Ad " s = Ada& s . 

Proposition 5.1. Let's consider s,s' 6 &2k interchanging odd and even num- 
bers. Then there exists a G &\ x @|, s.t s' = ^4c? CT s i/ and on/y if there exists 
a' £ &k, s.t. a 3 ' = Ad a ,a s . 

Proof. The 'only if part is proved above. For the 'if part, we shall realize 
that any s interchanging odd and even numbers is fully determined by I s and 
a 8 because of formula (|32| . Let's have given s,s' £ &2k with a a 6 s.t. 
a 8 ' = Ada-a 8 . Then there is a cr' G ©I with a 1 = a. Put a" := Ad a >s. Then 
we have a 8 — a 8 . Since I s and P are both permutations, there surely exists 
a permutation cr" £ &k with I s — I s o a" . To a" we can associate a unique 
permutation cr"' e &f, with cr"' = cr". Putting s'" = Ad a ms", we see that 
I*' = I 8 '" and a 8 ' = a 8 '" , i.e. s' = s'". □ 

This proposition says that there is a well-defined injective map mapping a 
basis element ([25]) of End si (y) SqSI(V) to some conjugacy class of Sk- To see 
that this map is onto, it suffices for any cr £ & k find some s £ &2k interchanging 
odd and even numbers with a 8 = a. For simplicity, let's assume that erf = Id. 
In this case a 8 = erf. But s is determined uniquely by erf and erf, since a), 
describes the restriction of s to odd numbers, and erf determines the restriction 
of s to even numbers. So we see we have a one-to-one correspondence between 
the basis elements (|28j) of Endg^y) SqSI(V) and conjugacy classes of Sk- 

Example 5.4. The case k = 1 is trivial, since there is only one basis element 
(the identity) and only one conjugacy class in S\ - that of identity. 

Example 5.5. In the case k — 2 we have two basis elements. The first one 
is the identity. In this case a is also the identity. To the second one we can 
associate a transposition, as can be easily seen from ([29]) . 
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Example 5.6. In the case k = 3 there are three basis elements. We treat them 
in the same order as in Example 15.31 The first one is the identity with a being 
the identity. The second one corresponds to transposition, as can be seen from 
(|5.3p . and the third one corresponds to three-cycle, as can be seen from (|5 .3|) . 

For notational reasons let's define s' ■ s by C s <. s = C s i ■ C s and for a £ &k let 
C( CT ) be the basis element of Ends^(y) S sl(V) corresponding to the conjugacy 
class of cr, which we will denote by (cr). 

Lemma 5.3. Let s, s' £ &2k interchange odd and even numbers. Then a s s = 
Proof. We have 

so we have 

~S -S —s'—S—S—s' „S — s 1 ( „s \ — 1 s s s' ~s' / s' \ — 1 ~s„s r 

a = a 2 o- 2 a 1 a 1 = a 2 a x {a 1 ) a 2 a 1 a 1 — a (a^ ) a a 1 

□ 

Theorem 5.3. Assume a, a' £ &k- Then C( CT /) • C( CT ) = S( T ) CSfe A( T )C( r ), 
where A( T ) is £/ie probability of a' a £ (r) /or cr' G (cr') and a £ cr. 

Proof. We will compute in the group algebra C[6fc]. First observe that for given 
s and s' we do not need to know C s >. s , but it suffices to know a s ' s . Now 

We start with cr' = Id and try to compute 

Cs' • ^ 77 ,n 2 ^Arf^s 

It suffices to compute for each cr G ©1 x @| corresponding ct s j4d " s . For this we 
have 
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Now we associate to a a permutation a" E &\ by a"(2i — 1) = <r(2i — 1). Then 
by Lemma [57fl we have cr" 4 ^ 5 = a Ad °" s , so 

t4 E ^k')-^ s = t4 E ^'^ KV1 ^" S - 

= i V a 3 ' Ad, , l ,_ l a Ad °" s = 1 V a 3 ' Ad, 1 Ad,-r„_ ± a 3 = 
= — a^'yleL iAd,-T, , l( r s = -!- a 3 ' Ad,-r, . i( t s 

cr"eS fc cr"GSfc 



So we sec that 



ES.'.Ad.. 1 \ " ~s' 

\(a s ) ^ 



Now 



— V V a Ad °' 3 '- Ad ° 3 = — — V V a Ad °' s 'a 

Z^ Z^ fj.n2 |c^s\i Z^ Z^ 

v ,; ff'eeixe^ CT e6ixe| v ' ; lv ; ^'ee* xe£ <re(s-) 

We associate cr'" to a' in the same way as we have associated a" to a. So we 
get 



(fc!) 2 |(ct s )| ^ ^ k\ \(a , 



cr » er 



-^JC E ^)-^ s '-=^^)| £ J> ,<T 

The only interesting thing on these terms is their conjugacy class. If we replace 
the terms with the same conjugacy class by its distinguished representative, the 
coefficients A(t) at the representative of some (r) will express the probability 
of a' a E (r) for cr' G (<t s ) and a E (cr s ). Moreover, the result has the form 

E A (r)J^ E - 
(r)ce k IV " ae(r) 

□ 

The proof of the theorem gives us a simple algorithm to compute, how the 
multiplication looks like on our basis elements. We will identify them with the 
associated conjugacy class in <£>&. 

Example 5.7. The case k = 1 is trivial, since there is only one basis element 
(1 = Id) with 1.1 = 1. 
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Example 5.8. For k — 2 we have two basis elements - one is the identity 
(1 = Id), the second one (denoted by x) can be identified with transposition 
(12). Now we have 

1.1 = (Id)(Id) = (Id) = 1 x.x = (12)(12) = (Id) = 1 
1.x = (Id) (12) = (12) = x i.l= (12) (Id) = (12) = x 

Example 5.9. For k — 3 we have three basis elements - one is the identity 
(1 = Id), the second one (denoted by x) can be identified with transposition, 
and the third one (y) corresponds to the three-cycle. Now we have 

(12) + (13) + (23) _ (12) + (13) + (23) 



1.1 = (Id) (Id) = (Id) = 1 1.x = (Id)- 
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x.x 



Ly = (fd) (123) + (132) = (123) + (132) = y 

xl = (12) + (13) + (23) = (12) + (13) + (23) = ^ 
3 3 
(12) + (13) + (23) (12) + (13) + (23) (Id) + (123) + (132) 1 + 2y 



x.y 



3 3 3 

(12) + (13) + (23) (123) + (132) _ (12) + (13) + (23) 
3 2 ~ 3 

yl = (123) + (132) (Jd) = (123) + (132) = y 

(123) + (123) (12) + (13) + (23) (12) + (13) + (23) 
y.x = — 



y-y 



2 3 3 

(123) + (132) (123) + (132) _ 2 (Id) + (123) + (132) 1 + y 



2 2 4 2 

Corollary 5.1. The algebra EndsL(V) SqSI(V) is commutative. 

Proof. For any two permutations a, a' £ &k, the conjugacy class of oo' is the 
same as that of a' a. □ 

The Double Commutant Theorem (see [3]) says that the algebra EndsL(V) SqS 
(which will be denoted by A in the sequel) is semisimple, so it has to be a direct 
sum of commutative simple (and hence one-dimensional) algebras. The num- 
ber of simple factors is given by dim A. It is at the same time the number of 
inequivalent irreducible representations of A, which are one-dimensional. This 
implies that the 5X(F)-isotypic components of SqSI(V) are irreducible. 

Theorem 5.4. The algebra EndsL(v) SqSI(V) is isomorphic to the centre of 
C[6 h ]. 

Proof. We will use the notation from the above examples and proof. An element 
S(ree fc a,y(J commutes with all of C[©fc] if and only if it commutes with all 
elements of @k, i.e. if for any a' £ &k we have 

c'( a a a)(a'y 1 = ^ a a a 
cre&k <re& k 
So the coefficients at conjugate permutations should be equal. □ 
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5.3 Decomposition of Sq$1(V) 

Now if s, s' € &2k interchanging odd and even numbers, s.t. a s — a s , the 
action of C s and C s > on symmetric tensors is the same. This means that it 
suffices to sum over s with af = Id, which leads to the following description of 
C( s ): its action on a symmetric tensor is a symmetric tensor, which for given 
upper index / has symmetries in lower index J given by X)se(s) s - Similarly, it 
suffices to sum over s with a\ — Id, which leads to the following description 
of C s : its action on a symmetric tensor is a symmetric tensor, which for given 
lower index J has symmetries in upper index / given by XLe(s) s_1 = Sse(s) s - 
In the same way it is possible to characterize the action of any element 
in Endgi(y) S k s[{V) = Z(C[&k])- Concretely, we can imagine the action in 
two ways. In the first way, the element fixes the upper index and permutes 
the lower index (af = Id and erf = x) and in the second way, the element 
fixes the lower index and permutes the upper index ((erf ) -1 = x and of = Id), 
respectively. Here, we extend the notation a from elements of &2k interchanging 
odd and even numbers to their conjugacy classes under &\ x <S\ corresponding 
to elements of Z(C[&k\). This is in particular true for projectors onto SL(V)- 
irreducible components of SqSI(V), so these irreducible components are closed 
taking transpose, i.e. the corresponding highest weight is preserved by the 
unique automorphism of the Dynkin diagram of sl(V). 

Theorem 5.5. The representation SqSI(V) of SL(V) decomposes as direct sum 
of irreducibles with highest weight A — w{\) for A G Par(k) (in the case of stable 
rank), where w is the longest element of the Weyl group of SL(V). 

Proof. We know from above that Z(C[&k\) is a sum of one-dimensional ideals. 
These ideals are generated by minimal idempotents (p\) labeled by A € Par(k) 
(partitions of k are in one-to-one correspondence with conjugacy classes in 
and described in [3]. These idempotents are the projectors onto SX(V)-isotypic 
(in this case irreducible) components of SqsI(V). This means that the irre- 
ducible component corresponding to A consists of symmetric totally trace-free 
tensors, which can be written as sum of tensors of the form e 1 ® e Px .j (or as 
sum of tensors of the form e p ^' 1 ® e.j). So the highest weight of the irreducible 
component corresponding to A is A + A* , where A* is the highest weight of the 
dual representation to that with highest weight A. These irreducible components 
may vanish for n not big enough. □ 

Proposition 5.2. The irreducible components of SqSIV corresponding to A do 
not vanish for any A with 2depth(A) < n. 

Proof. We shall construct the highest weight vector and prove that it is nonzero. 
Let's put to := depth(A) and define 

e\ := e\ <8> • • • ® e.\ (8) e% ® • • • <g> e% ® • • • ® e m ® • • • ® e m 
£ x : = e « ® . . . ^ e ™ ® e™" 1 ® . . . ® e"" 1 ® . . . ® £ ™-™+ 1 ® . . . g, e n-m+i 
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where in e\ each ej occurs A^-timcs, and the same for ^ n ~ %Jr in s . We know 
that we are looking for a tensor which for given lower indices has symmetry in 
upper indices given by p\. So let's start with 

v ~P\{e\) ®£ A 

This is evidently a highest weight vector of the right weight. Now we shall prove 
that its symmetrization in columns is nonzero. 

It suffices to consider symmetrization over permutations preserving e A . For 
such a permutation tt we have 

(7rop A )(e A ) ® e x = {p x o7r)(e A ) ® e x = p\{e\) ® e A 

□ 



6 Algebra of symmetries 
6.1 Statement of Theorem 

We have to identify the vector space of symmetries as an associative algebra. To 
do this, let us first consider the composition T)yT>w in case V, W G sl(n + 1,1). 
The operators Vy and T>w on M are induced by the ambient operators 

2V = V%{x A d B - x B d A ) and D w = Wg{x c d D - x D d c ) 

Their composition is, therefore, induced by 

D V D W = V%Wg(x A x c d B d D - x A x D d B d c - x B x c d A d D + x B x D d A d c )+ 

(34) 

+Viwj?x A d D + V^w£x B d c 

If we write 

t/BtttD rp B D I sBttD i sDfrB 1 (xBttD , xBf T D i sDttB i x Df T B\ . 

Va = T AC + <5 C C/ A +0 A ^C - ^T^OU^C +<5a^C + 5 C + <5 C C/ a) + 

where 

£j _ (2n 2 + 8n + 4)Vffiyff + 4V£W][ _ (n 2 + 4n + 6)V* W% 6% 
A ~ 2n(n + 2)(n + 4) ~ 2n(n + l)(n + 3)(n + 4) 

- B = 4V^f + (2n 2 + 8n + 4)V* _ (n 2 + 4n + 6)y*W^g 
c 2n(n + 2)(n + 4) 2n(n + l)(n + 3)(n + 4) 1 ' 
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then it is easy to verify that T^§ is totally trace- free. Now, from (IM)) , we may 
rewrite 



V V V W = Tfg{x A x c d B d D - x A x D d B d c - x B x c d A d D + x B x D d A d c )+ 
+U%(x A x c d c d D - x A x D d c d c - x c x c d A d D + x c x D d A d c )+ 
+Ug(x A x c d B d A - x A x A d B d c - x B x c d A d A + x B x A d A d c )- 

-~(Ug + Ug)(x A x c d A d D - x A x D d A d c - x A x c d A d D + x A x D d A d c )- 
n 

--(U% + U^)(x A x c d B d c - x A x c d B d c - x B x c d A d c + x B x c d A d c ) + 
n 

+ ^(Ux + U^)(x A x c d A d c - x A x c d A d c - x A x c d A d c + x A x c d A d c )+ 
+V A s Wgx A d D + V^Wgx B d c 



and, bearing in mind (|6.ip and that x dc induces multiplication by w±, and 
xcd c induces multiplication by W2, respectively, if / has homogeneity (wi, W2), 
then 



V v V w f = T^§{x A x c d B d D - x A x D d B d c - x B x c d A d D + x B x D d A d c )f- 
-r(U%d A d D + USd B d c )f - (U%x A x D + Ugx B x c )Af+ 



n + 2 




+ 



n(n + 4) 



n + 2 



+ 



n(n + 4) 



+ 



2(n 2 + 4n + 6)Vj c W : 



n(n + l)(n + 2)(n + 3)(n + 4) 
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In particular, if n + Wi + w 2 = 0, then 

V v V w f = T*°(x A x c d B d D - x A x D d B d c - x B x c d A d D + x B x D d A d c )f- 
-r(U%d A d D + UEd B d c )f - (U%x A x D + Ugx B x c )Af+ 

+ v " -, ~^\[ — 1 - v£wgx A d D f+ 





2n(n + 4) 




(n 


- 2)(wi - w 2 ) + n(n 


+ 4) 




2n(n + 4) 




(2 


— n)(wi — W2) + n(n 


+ 4) 




2n(n + 4) 




(2 


— n){w\ — W2) — n(n 


+ 4) 



+ v ~ ,V V4)' T " ^ *^ /+ 

(-n 3 - n 2 + 6n + 12)(wi - w 2 ) 2 - n 2 (n + 4)(n 2 + An + 5) x Y 

n(n + l)(n + 2)(n + 3)(n + 4) r x/ ~ 

= T%g{x A x C d B d D - x A x D d B d C - x B x c d A d D + x B x D d A d C )f- 
-r(U%d A d D + USd B d c )f - (U%x A x D + Ugx B x c )Af+ 
(n 2)( Wl w 2 )(V°WX + VjWj - ^- 2 V^d A ) 
+ 2n(n + A) [X X °° )J 

—. , A , — (x A d D - x D d A )f+ 

2n{n + 4) 

(n 2 + n + 6)(wi - w 2 ) 2 -n 2 (n + 4)(n 2 + An + 5) x y 
n(n + l)(n + 2)(n + 3)(n + 4) Y x/ 

Noting that x A x c d B do — x A XB-d B d c — x B x c d A du + x B xnd A d c is symmetric 
in AB and CD, we may rewrite the first term and obtain, upon restriction to 

V V V W = V {vw)2 +V {vw)l +V (vw)o mod A (36) 

where 

{(YWMS = (T™+T™)/2 (37) 
,™ , BD (n - 2){ Wl - w 2 )(V° W x + VjWj - ^VXW18 A D ) 

« vw ^c = 2M^TI) 



2 

6K 

n(n + l)(n + 2) (n + 3) (n + 4) 



frt mrt ^bu (n 2 + n + 6)( Wl - w 2 ) 2 -n 2 (n + 4)(n 2 + An + 5) - y 
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Each of these terms has a simple interpretation as follows. The representation 
® 2 sl(n + 2, C) of sl(n + 2, C) decomposes into seven irreducible pieces: 



(□|[J)®(DBD*) = [nH[I] , ffiOB0 ffiDKLTffiCffi (38) 

©CTJK1 □ © BkI m* © DM □* (39) 

The projection of FCS> into the first of these irreducibles is l^Klpy - their Cartan 
product. The sum of first two components is the trace-free part of S 2 sl(n+2, C), 
the sum of the fifth and sixth component is the trace-free part of A 2 sl(n + 2, C). 
These two components are mapped to zero by T>. The projection on the last 
component is the Lie bracket and the projection on the fourth component is the 
Killing form. 

There is another term (in the third tensor power of sl(n + 2,C)), which 
induces zero symmetry, namely the one of the form {V^iMM]) - Here we use 
the fact that by (|22p any tensor skew-symmetric in three upper or lower indices 
must induce zero symmetry. 

Theorem 6.1. The algebra A n of symmetries of the sub-Laplacian on M is 
isomorphic to the tensor algebra 



0(g) S [(n + 2,C) 



s=0 

modulo the two-sided ideal generated by the elements 

vIwS - {tie + tSI)/2 - x 2 * {n + A) ^ 2YX D > - 

(40) 

(Vx W A -V?W$) {n 2 + n + 6)(w 1 -w 2 ) 2 - n 2 (n + A){n 2 + in + 5) T - ~ 



n(n + l)(n + 2)(n + 3)(n + 4) 



and 



forU,V,W^s{(n + 2,<C). 



{u\y°W F E }) (41) 



6.2 Proof of Theorem 

Define a map from the tensor algebra to A n by 

Vi ® V 2 <g> ■ • • <g> V s h-> V Vl V V2 ■■■V Vs 

extended by linearity. From (|36p and (|2"2"|) it follows that the elements (|40p 
and (l4*Tj) are mapped to zero. To complete the proof, it suffices to consider the 
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corresponding graded algebras. We must show that the kernel of the mapping 



0(g)s[(n + 2,C) -> ASA* (42) 

s=0 depth A<2 



is the two-sided ideal generated by (j40|) and (|41 1) . 

We look at the structure of symmetry algebra. We know that all symmetries 
are generated by those of first order, which form a representation of sl(n + 2, C) 
isomorphic to the adjoint one. So as an algebra, it is a quotient of the tensor 
algebra of sl(n + 2, C). Since the result has a structure of sl(n + 2, C)-module, 
the ideal we factorize must be an invariant subspace. For brevity, we will write 
2 instead of sl(n + 2, C). 

The smallest tensor power containing a nonempty subset of the ideal is 
the second one. The homogeneity two part I2 of the ideal contains all of the 
second tensor power except the symmetric trace-free part. We divide it into two 
parts: 72, 1 is the alternating power and ^2,2 is the trace of symmetric power, 
respectively. 

Lemma 6.1. Consider the tensor algebra The two-sided ideal generated 

by 7 2i i ^ a complement of S(q). 

Proof. I2,i is simply A 2 g. Since S(q) is by definition a quotient of ®q modulo 
ideal generated by A 2 g, the ideal must be a vector space complement of S(q) in 
®0. □ 

Lemma 6.2. Consider the algebra S(q). The two-sided ideal generated by I2.2 
is a complement of S^Q. 

Proof. 72,2 consists of all trace terms in S 2 g. The ideal generated by 72,2 obvi- 
ously consists of all tensors with zero trace-free part. Therefore, its vector space 
complement consists of totally trace-free tensors. □ 

Let's remark that the two-sided ideal in S(q) generated by 72,2 is an inter- 
section of S(q) with the two-sided ideal in g generated by 72,2- 

So we see that 72 generates in higher homogeneities the complement of the 
symmetric trace- free power of g. The trace- free part of the third symmetric 
power of g decomposes by Theorem 15.51 as 



cm m cm* ©EPkEP © E 



The third terms induces zero symmetries, so it must lie in the ideal. We denote 
it by 7 3 . 



Lemma 6.3. Let T € (g) fc C"+ 2 and let A e Par{k). Then p x {T) is a sum of 
tensors skew- symmetric in depth(A) indices. 
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Proof. First, p\ — J2AeSTab(\) PAi so ^ suffices to prove the ciaim for each pa- 
But pa = Kc(A)r(A). The constant K oniy depends on A, so we may consider 
K = 1. We have 

p A (T) = c(A)r(A)(T) = £ c(A)s(T) =: £ c(A)(T s ) 

sGRow(A) s£Row(A) 

If i±, . . . where / = depth(A), are entries in the first column of A, then c(A) 
(among others) skew-symmetrizes T s in the ii-th, i;-th indices. □ 

Lemma 6.4. Let T E (^) fe C n+2 and let A G Par(k). Then skew- symmetrizing 
Px(T) in dcpth(A) + 1 indices gives zero. 

Proof. Assume for simplicity, as above, that p\ — Y^AeSTab(X)PA> where pa = 
c(A)r(A). Given three indices, let us denote the skew-symmetrizer in these 
indices as C. Then 

Cc A = ^2 ($gmr)Cw= (sgn n)nC n 

tt£CoI(A) tiECoI(A) 

where is skew-symmetrizer in some (possibly not the same) three indices 
and we have 

C PA (T) = Cc(A)r(A)(T) = £ (sgn7r)7rC^r(A)T 

TreCol(A) 

Since skew-symmetrizes in more then depth(A) indices, the composition 
C 7r r(A) equals zero, since it at the same time symmetrizes and skew-symmetrizes 
in the same pair of indices. □ 

Now the theorem is evidently true up to homogeneity three. In homogeneity 
>three the complement of the ideal is given by those totally trace- free symmetric 
tensors, which, for arbitrary but fixed upper indices, skew-symmetrized in any 
lower three indices are zero (Lemma 16. 4p . But totally trace- free symmetric 
tensors generated by I3 are exactly those totally trace-free symmetric tensors, 
which can be written as a sum of tensors such that their symmetry in upper 
indices for fixed lower indices is given by p\ for some A with depth(A) > 3, so 
we see we are done. 
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